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COMPUTATIONAL ASPECTS OF THE
LOGARITHMIC STRAIN SPACE DESCRIPTION

K. HEIDUSCHKE
SWISS Federal Institute of Technology (ETH I. 8092-Zurich. Switzerland

(Recl'lI'"d 30.\10\ 1993. III raised limn 28 Fehwo/'l 1995)

Abstract ComputatIonal aspects of the loganthmic ,tram space description are discussed and
compared with so-called "updated Lagrangian descnptions" The shortcomings of the latter are
demonstrated on an analytical example of homogeneous finite distortion kinematics. The numerical
implementation and algorithms of the logarithmic slrain space description with respect to the
reference configuration are presented, Simulation results of two special purpose finite element
programs. which arc hased on the logarithmic strain space description. are shown,

r\O fA TIO'\

The followmg delinitwns for secell1d order lense)rs Tare ll11rllduced and the Einstein summation convention
is adopted:

TT
T'
T r=(T )'=(T])
ITI
T"
T,,=T,,+T,+T
T = T-I 3T,,1

IT ="T"T"

transpose "f T
mverse of T
In>crse and transpose 01
determinant ,)1' T
components of T
trace ofT
deViator of T (the ,,'Cond [)fller unit tensor is denoted by I)
norm 01"1

Standard continuum mcchanlc, 1l0tatlOn IS used. as III Helduschke 11995)

I\(} or h:
X or x
I

x(X.1)
(-'X

F = I'X

C = FTF
F = RL = VR
R
L = "C or V = '\ FF~1
r. = In (U) or E = In (Y)
x
~ I-X
G=-::-

IX

0= 12(G_{;')
D = RTDR
r.

i = RtR'
t
T = RTTR
(J =:xT
:x
p

refercnce or current configuration of hodV B
pOSItion \cctor of a mate;ial point P m 'I~ or "
time'
nwtlon llf hOlh B ill a reference deSCrIption

dcf,)rnntloll gradIent. F > i)

S\tllmctnc posiuve definite rIght Cauch\ Green tensor with respect to Ko

polar decomposition of F
urthonormal rotatIon tellsor
symmetne positIve definite right or left stretch tensor with respect to Ko or K
logarithmic stram tensor with respect to h'" or K
\elocity of a material pOInt P

veloc'itv gradient with respect to ,;

rale' 01 delormatlon tensor wtth respect to ,:;. symmetric part of G
'vnllnetnl' hack-rotated rate of delonnatlon tensor with respect to K"

logarithmiC stram rate \\ tth respect to h,

logarithmic stram rate in ,: co-rotated \\ ith respect to the material
,vml11etnc Cauchy stress wtth respect to ,:;
'Vmmetnc hack-rotated ,tress with respect to "II
'''l11llletnc loganthtmc stress with respect to K" (work-conjugate to r.)
kmematical fourth order transformatioll tensor
mverse to 7.. I.e, :xp = prx = I (fourth order UllIt tensor)

Cnder superposed rigid bod) rot"\IOIlS the temors \"th respect to the current configuration K, which are marked
with a superscript hat. arc altered. where'ls the tensors Wllh respect to the reference configuration Ko are not.

INTRODLCT!O'\

The logarithmic stram space description is \vell-suited to describing finite (elasto-)plasticity,
as discussed analytically h~ Heiduschke (1995). In the work presented we focus on the
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computational ~hpCCh 01 thc Ill!!drlll1mlc' ,tralll space description and its numerical
implementation B) nlL'dn~ tl\' dn namplc PI' homogencous finite distortion we compare the
logarithmic ,stralllspal'e dcscnplH1I1 \\ ilh so-c:tllcd "updated Lagrangian descriptions",
This e:\ample calls into qUl'stipn the' gcncral applicahility of updated descriptions,

We 1'0110\\ Ihe gencral thertlH1d)namlcal framework of Green and '\iaghdi (1965) and
the strain ~pace sctting of :\aghdl and Trapp (19 7 5), where the yield (or loading) functions
arc formulatcd with Cjreen Lagrangc str,III1'. which we replace hy logarithmic strains.
Al'Cording to Casc) and 1\aghdl (191'" I. 1\ e recall thc non-equivalence of stress space and
strain spacc formuldtiolb. ,Ind ~lc'l'\\rdlllg tt' '\,aghdi (1990. p. 337). the primacy of the strain
space dcscription, Wc suggest an clasto-pld,ticit) description in the logarithmic (or Hencky)
strain space Illth respect In thc reference l'nnfiguration. which includes clastic and plastic
all1sotrop), [n Itne With Cireen dnd '\,dghdl (1965) and '\iaghdi and Trapp (1975), we
postulate the e\istencl' ,11' ~I 10,"~I!llhll1il pld'IIC ,train tensor f,P \\ith respect to the reference
configuration /,'", ['or ~I stress-In:c stall' In lhe generalized sense of Ca,;ey and Naghdi
(\99:::') the logarithmic plasltc "train lelb<.lr ::1' is identical with the total logarithmic strain
tensor I: "ith respeCl1l1 thl' rekn:ncl' ct)nli,~ur,ltl()n ""1' The evolution of the plastic strain is
descrihed hy ~l ra te equ~1 tlnn. n~llll,'I) Ill<.' pL, ,tiC 110\1 rule. \Ve usc the summation convention
nn repealed indices and elL-lint' llil' ,lrl's, p,'\\Cr

I} r;

as thc inner pruduct "f thl' Ing,lllt111111' ,tLIIII r~lte j; and the logarithmic stress rI. The stress
pnwer may he additllL'l) 'I,lit III'" ;111 IrrcI,,!',ihk (plastic) contribution

/) (/

dclincd h: the Iliner prodult \1I Iii, 1\\C',lllthll1ll pLhtic strain rate i;I' and the logarithmic
stress (1, ~lIld till' remdining reIL'I'oihk (,'LI',llclcllntrihulion

(I)

where ljJU:. I:') dcnutes thl' ,lrallle'IILT,,\ 1!IIIClit\n [nr cnnvenience and in the light of the
latter equation. thl' ahhrl'\ lath)]1

(2)

may he denoted as "clastic ,tr~lln' I: the tCl1sor I: \\ ith respect to the reference configuration
"I! is not defined \Ia dn\ multiplicatl\c elasto-plastic decomposition of the deformation
gradient. it is simpl: the ahhrl'\ i~lth\n 1:::'1 namely the difference or the finite logarithmic
strains f: and f;". Furthcrmore, f(ll I11l,t:d~ I: is a hack-rotated infinitesimal strain, as the
cnrresronding log,1 ri thmic ,t reS' l( \111\1< \l1l'l1 h

(3)

an: order, of magl1iludc ~Illd ller tha Ii IIil' IlllKlulus of elasticit).
[t should he emphasllcd th;.It. III "Ul1lr,lst l() the large hody of finite element literature,

'Ie do not use Ihe f()llowil1g:

III fhe pl~ISliC ,tr~1111 ,ktll1lllt\JI ,1I '-,1111(\ 119I'Xa.b) and Eternvic and Bathe (1990),
\\hcre the' clastiL strdln ],'11"'1 IS dclined as logarithmic strain and where then the
,I hbrel la ll()n
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i, introdu..:cd 111 L'lll1ll;I,1 III cql1 I:'" \111.'ll' j; h dciil1ed by f; and it, Since for
metals the "cla,tl": str~III1" i, dl1 "111 IIII Itc"I1lU I ,lld1l1", all g.eneralized finite strain
tensors Vlilh n:spe:ct tu the: rckrL'l1cL' Ll)l1il,!lll~lti()n hI! Isee Doyle and Ericksen
(1956): Hill (1961\1], Ilk'llIdll1,! the' 1",!,11111111l1c ,tr~III1, are: e:(jual up to the first
order. The:) are: hdC"-ll'LILLdll1lll1ltl",iII,11 ,il,III1' tensors so that the definition
of lugarithmic "l'LI,tIL ,t!-lin" 1,1 SIII I(' i I (h~,II'1 ,ll1d l:tLrovic and Bathe (1990)

lilses its signiJi..:ance:
(2) So-calkd "updatl'd Ll,!ldll,!ldll L!e'L'llIli.,'1 ,\\ hell' the late: llideformation tensor

I) () (4)

ur aSSllcialc:d qllantllil" .IlL' ,pili 11I1l' c'!."ileilid pl;l,tIL' elll1tributions denoted by
the supe:rscriphe: dnd I', rL"pL'L'IIV,'h Th, C\\llIl

'
llne:l1ts llithe plastic contributions

are inlc:grate:d (,uI1lL'lll\\\ e'U-Illt~ltllllldll\ 1 ,1llLl \\Ith the clastic contributions
incremental stress strain I'e:!allon' ~Irc' 1"lll1l1l,l1Ld I,ee, e,g, Goudreau and Hall
q uist (19~C), '\ agtegda I ( ]'IX.:') , H lI,!he, ! 1'11\4111 he: (j UC,tIOI1S of appropriate ten
sor deri\atives haH' hl'en dhl'lI"l'd l'\ 1,"1'1, ,1,'\ e'n thllugh the tensor derivative
co-rotalC'd with re:,pe:ll II' the I11dIL'rull' \\,lllklll1L'd hv Doyk and Ericksen (1956),

(J) A non-ulllque l11ultiplll'dllVl' el~I,I('- ,I" ,kl'lllnplhltion of the deformation
gradient

1 I I (5)

in cllntrast to '\el1l~lt-'\,I,""er 119X:'1 (hll, ,1'IX71, S1I1111 (19XXa,b), Eterovie and
Bathe: (1990), "'''ehCl and·\ndnd I I 99()1 ,111L1111dl1\ l'lhn publications on numerical
l11l'lhods, The l11ultll'!Jcall\e deL'lIIllI'll'llll kqn (~)] vIas introduced by Kreiner
(1060) and di,cu,sed tUlthn h\ Bdlllli"j 1I'I()4) dnd [xe: and Liu (1967), The
non-uniquenL's, 01" the: del"lllllpOSillllli i'; I ,h,h heen pllinted out by Lee (1969)

allli other"
(4) Stress spaL'e de:,nlptlolh <11 l'I,I,II'-I,Lhlll'll\ \\ I\.Tl' '\IL'SSL'S aiL' used as indepL'ndcnt

\aliables 111 IlrdlT tll L'XI'IL',"" 11e:ld ILlnltl<llh, 11\1\\ ,Ind h~lrdening rules,
(5) Elasto-pLhtic L'lln,tltLlII\e 111()lkl, Ill1Il1ll',Ilc'd \lltllllut yicld (or loading.)

conditions, a, intlllduLed h\ BlldnL" ! I '!(J" I II ,I IlIulll-dillle:nsional formulation,
Que:SU(lIl' a bll ul 1hL' IHllllel'Il",tI Ill"! 11l1L'I11 "I I he:,,' 1ll0de:1s are coverL'd by Ortiz
(Il)X7), \Veh,'r ,llld\nalld i 1')1)11) .lllel I 1 ,'I<.'I','l1l"" l'iIL'd therein,

~. CO\t!'\RISI)", ('I 'II I I 1<'1 ", I 1>1 ~I I,' II I I',', 1'1 I I (H<. 11'\1 IF FLFMF'\Ts

In orde:r til L'Olllpale clllhTl'II1 ,j("lrq'II"I> "','1 lit,' 1II111l' elclllcntl11ethod we study
an analytiutl e:xamplc 1'1' 11l'IllOt!l'I1,'('U, Illlile' <11,i<'11 l'l1 kllll'nUllc, cr. the third example
of Heidusch"e I I LJ(! 51 \\ hn,' Ilie' ,L1IT,'nl I."" 1,1

I \ l'·,l" I } " ; ~ i ) ,-' \ l" I:' I ' I

I \ '111 I, ) \... ~ l" ! I j C'",}' i (6)
~ I !

In lig, I the deformation

qJ=O'

lZl
IS ,II 75'

<I> ~LS?
Flg:. I-IUI11i.lg.\..'I1~liLh lilllt\..' dbl\ 'rll\ '11 ~ : I1L'I"'ILII i\..."" \\

\\ith I'>.-""'P(\..'1 1(1 l11l" rL'tlT...'lhl' "-'(lllli~llt

cl""\ll'I~IIl'ti ~('lll'Ldi/ed tlnitc strains
l'riIlclpal dlrectioIls,
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process (6) of a unit square in the reference configuration (at f = 0) is shown at times or
corresponding angles of rigid body rotation

t I I I 2'r= O'~"'~'"'h' I or Ip = 0,15,30,45,60,75,90,

respectively. The generalized finite strains with respect to Ko, which result from eqn (6),
have changing principal directions so that the logarithmic strain rate and the back-rotated
rate of deformation tensors with respect to Ko are not identical

o = %t and t = PO (7)

or, equivalently, the kinematical fourth order transformation tensors IX and P, are in general
not fourth order unit tensors; see Heiduschke (1995).

We consider the time steps

11
"f = NT.

where Il. Nand T denote the number of the current increment, the total number of
increments and the length of the considered time interval, respectively, and denote current
time steps by upper left indices. The components of"F, "R, "V, "U, liS, lie, "0 and nD are then

"F,! =

(11\ (7[1/\)
exp Vv )cos \2.N, (

Il \ (nil)
- exp FJ) sin 2l\r

exp ( - ~) cos (;~)

(8)

"R,! =

COS (!!II)'
2N

'nl7'
sin (2N). /

-sin (nil)]2N

cos G%) ,

o

r"p (~)

l
'" [I£" = 0

I

T

o

ex p ( -J~)

~Il:~· ";;jJ = "R,/f.u"Rih

;T"n: (~~)]. 'D" ~ "R,/'I5/'R"

(9)

and the components of the time derivatives of the logarithmic strain tensors co-rotated
with respect to the material are
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\
"(,

I

I
n II

T ,,y

IT n 1
T,\ !

I

T

We define the following integrals, approximated h) the sums of the midpoint rates, which
are indicated by the index shift 11 + 0, 5: the integral of the logarithmic strain rate with
respect to "0

,"0/ \ i

= 1sd! ~ \'
T
\. (l0)

the integral co-rotated WIth respect to the matenal of the logarithmic strain rate with respect
to h

I' = RI' R ' . (ll)

the integral of the components of the back-rotated rate of deformation tensor with respect

to "0

'I

I I) = I 0 d! ~ "
'L,II 'i il

T
'0

\
(12)

and the integral of the componcnh of the ra te or derurma lion tensor with respect to !(

, \

I
[) dr ~ ~

""II I.' I

- I
J)

\
(13 )

For a material description, the latter integral (13) makes no sense, since the components
15'1' which are altered under superposed rigid hody motIons, are only time-integrated.
Hence, the integral (13) depends on superposed rigid body rotations and, in generaL it is
not identical to R III RT

, the corresponding integral co-rotated with respect to the material,
The integral (13) is introduced for reasons of a negative comparison. Furthermore, the
following updated strain increments~asthey appear in the so-called "'updated Lagrangian
description" [see, e,g. Goudreau and Hallquist ( 1982) : Nagtegaal (1982) ; Hughes (1984)]
are expressed by the deformation gradients of the current' , I F and previous time steps "F
[eqn (8)] : the small-strain incrementt

t!E' = 1(". I F"F i + "F

the midpoint-strain increment- as defined for Y. = I .:' III eqns (93) (96) of Hughes (1984)--

and the Green Lagrange strain increment~asdefined in eqn (l)) of Nagtegaal (1982)--

,'1£('= ("F 1".IF1 '" F"F I),

tThe Cartesian componenh of the sl11all-,[ rain InCI-eml'nh II C\ pres,ed h\ the displacements II, of the updated
configurations --arc I'J.E~ = : (Ii Ii I
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The sums which are associated with the updated strain increments ~Es, ~EM, ~EG are
defined by

\ I

~s = I "~ES,

1/=0

\ I

~M = I "~EM,
11=0

lV-I

~G = I "~EG,
11=0

(14)

respectively. We consider the deformation process depicted in Fig. 1 for a time interval of
T = I s and a discretization of N = 90 time steps so that the rigid body rotation is 10 per
increment. We compare the xx, xy and vy components and the norm of the quantities (9)
(14) as depicted in Figs 2-5.

Equations (9)-( 14) can be divided into four groups:

G 1 : e. 1'. The logarithmic strain tensor with respect to K o is the basic reference of the
comparison presented. The integral I' of its rate is identical to the tensor 1:.

1
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Fig. 2. Companson of the .\x components.
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Fig. 4. Comparison of the.lT components.
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G~: t, I The Illgdnthlllic ,trdin ten'l'r \\ ]th Il"I~l'll III ,; I' Introduced as reference for
tensors with respect tll I, II ,hould be noted lhdt Ihe lkliniti()n llfits rdte and integral are
based on f: and I, respectl\ely. Theref()re ralL' :llld Integr:iI ,Ire termed "co-rotated with
respect to the matenal" rhe 111legral I is identl,'dltl' the tensur I:.

G3: II'. The time-integraillf the back-rl)t,iICd Lltl' 01 defnrmation tensor with respect
to 1,/, reveals characICnstlc, ,imdar to those oil: HO\\l'\l'!. due to eqn (7), its components
and norm deViate from thc ~'xaCl solution. 'rhe Illlcgral III depends not only on the current
and reference configuratll lns, but als() on the path .;-

G4: 1;',1:\1,1:(', fL)d/. Thc sums of thc strdll1 IllL'ICmcnts 114) of so-called "updated
Lagrangian descnpti();1'" graphically bcha\e::: like l'lldl, the component-wise time-integral
of O. In particular. their ,he:lr c()mponent Isee Fig. 'I and thell' norm (see Fig. 5) totally
differ from t, \\hich thl'\ dre supposed to appr().\1111dlc The ,ums 1:'.1:\1. 1:l , depend not
only on the current :lIld rl'!crence conligurati()ns: the\ :11'(' p:tth-dependent quantities which
cannot be approximati'lll' Ill' gencralized finite ,tralll telb()rS I\\ith respect to the current
configura lion ';-1.

The ki nema til e\,IIllI~1e pre'~'nted abo\ e C,III be Interpreted WIth respect to the log
arithmic plastiC strain !Cnsor [;1' Plastic ,tra111 ·;]wuld depend only on the current and
reference stres,-frce conligurati()ns, 111 the generali/ed sense of Casey and Naghdi (199~)_

In rate-type lheories the pLIStlC stralll [;1 IS lime-integrated from its rate. which is given by
the plastic Ihm rule fIll' ngld plastic m:ltcrial. III1l're tolal and plastic (logarithmic)
strain telbors :Ire Identll':I!. i: 1: 1

', the example prl',ented abo\e can be used to compare
integrals sum, llr dIilcrenl plastiC 110w increments. 1l,ll11l'h d"-I. DtJ./. 11tJ./. tJ.Es, tJ.£\I' tJ.E li .

It turns out thdt rrom the (orresp()nding integral, ,um' Ilnh I or its rotation to the current
configurati()n I rl',ult In l: (II' t, respecti\eh Thl' llther tllll'grab sums II), 1:s. 1:\1. 1:li . JOdi
which arc used in 'lH.-,tlled "updated Lagrangian dC'~Tlpt]()n,", result in neither G nor e,
They result in 'll-Gilkd Intl'lnal \anables, \\hich l':lllI'o,'1 b,'I'c'garded :IS plastic strain tensors
in the sense or i:' (n 1: 1 1{i:1{ 1 (,e~' Figs " and '~I

A Cllllstitutl\e ,i1gllrlthl11 based "n Ihe Illg:lIlthl11ll Slr:llll spdce will not have the
shortcomings l)r updaled de,cnplion" which h:I\L' heen dlsl'LhSed In the previous example,
Furthermore. Ingarithmlc ,tr:l1n ten'l)r, h:l\c th,: rnl\\)\\ing l'eatures [see Heiduschke
(1995)]: trace, :lnd dC\I,I[(lr, ,II logarithmiC ,tralll lellsll!'S de'lTlbe finite dilatation and
finite distnrtion, !'c,pcctl\eh Hence, hy u,ing Ing:lnthllll~' ,trains the finite dilatation and
distortion can hc addlll\ dccouplcd, plastlL Illl,'nlplc'"ihlltt\ ~'an be introduced by

Ylhc dC\lcltill1h lkl'l,-'ll'~i ,ll'~' ["lilt nl ,( ILIIlJll' 1,-' ,k I]iq prilll~lril~ lkri\-c t'rom the
discrcti/dti(ill.\ Till' lk\I:ll:llIl' ,I 'I' :l!1\'ill',il naturl-' ,llll! ;ll'fW;ll ,'\,-'11 I,))' \

:;:Th(' "i1ll1l ~"!1l II:':" ~ "!"lll'\\"'; III J "l1l,111 \\,[\ till' 'I Jll)I'·"~tllllll'trtL ll'lblPl1 comprl''i\IIHl

ch~lractl'ris[I('i llr till' II1Lrl'lllL'11LiI (j"I,'l'n I ;q;Llllt!L' '..[r~lltl I ill'> IJllllli..'lll·~' hill ;l IlllIl1L'rlc<.11 nature and disappears
for liner tillh..·-dl";\..I\.'I!/~ltl\ln"
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n+l g = 0

1"11'. 6 Yield surface 10 the stram space at the previous and current time steps.

enforcing the plastic logarithmic strain eP to be deviatoric and a von Mises type of yield
functiont can be expressed by the second invariant of (e' - eP), in analogy to the infinitesimal
deformation theory.

In general, the time-discrete constitutive algorithm follows from time-continuous
constitutive equations, which are described in the logarithmic strain space. In a logarithmic
strain space formulation the yield (or loading) function g(e, eP, k) depends only on the
symmetric total logarithmic strain e, the symmetric plastic logarithmic strain eP and the
hardening parameter(s) k. The yield surface g = °is a five-dimensional hypersurface boun
ding a six-dimensional convex set in strain space as depicted in Fig. 6. For the discretization
we consider a yield function g which is monotonic in a suitable sense;-which also includes
a Tresca type of yield function. The constitutive algorithm is entered with the current total
strain ,,+ 1e, where the upper left index denotes the current time step. In the time-discrete
six-dimensional strain space the current total strain "+ 1e may lie inside the yield surface "g
of the previous time step, glrlal < 0, on it, gIllal = 0, or outside it, glrlal > 0, where the time
discrete trial function is defined as glilal = g(" ~ 1e. "eP, "k). In the first two cases, glnal ~ 0,
which correspond to elasticity (or unloading) and neutral loading, no plastic flow occurs;
in the latter case, g'llal > 0, plastic flow occurs. In the time-discrete strain space the inte
gration of the elasto-plastic constitutive equations reduces to the (hyper)geometrical prob
lem of finding the current yield surface n+ Ig = 0. which goes through" + I e such that the
plastic increment

obeys the flow rule, the hardening law and the consistency condition, g = 0. An illustration
of an isotropic elasto-plasticity algorithm is presented in the Appendix.

It should be noted that no stress tensor is used for the integration of the constitutive
equations. If the stress is desired, it can be calculated at the end of the algorithm, i.e. after
the time integration of the constitutive equations. The logarithmic stress (1 follows from
eqn (3). It may be transformed to Cauchy stress t using

t = RTR 1 and T = {3(1.

4. IMPLEMENTATION INTO FINITE ELEMENT MODELS

In isoparametric kinematic finite elements current and reference coordinates

tIn a von Mises type of yield function plastic flow occurs at a certain elastic distortional energy.
;Note. for instance. that the yield function q has a minimum as its only critical point.

(15)

(16)
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are interpolated \Vlth the same shape functions II \ -- H \ (/J. respeetively, which depend only
on the local variables /, From the approximations (16) the components of the deformation
gradient

1.1 (I' ll',\11F
(' /,'.\ i I/,

and the velocity gradient

( 17)

( .1

( .1
( 18)

can be calcula ted, Thc apprnxima ted deforma tion gradient ( 17) and velocity gradient (18)
are used in the following finite element algorithm. which must be applied in each time step
for each integration point of the finite element m\Klcl

(I) Calculate the components ", I R,( of the rotation tensor at the current time step" - I

by using the approximated deformation gradient (17)
(2) Calculate the components'" 11:,/ of the total logarithmic strain tensor B = 12In(C)

at the current time step" ' I by using a transformation to the principal axes and back again,
C = F r F and the approximated deformation gradient (17), Furthermore, determine the
coefficients of'" Ip as described by Heiduschke (1995),

(3) From the constitutive algorithm. which is formulated in the logarithmic strain
space and of which an example is presented in the Appendix (sec Fig. A2). find the current
plastic state. i.e. the l'(lmp\)l)ents ' 1 1:1: of the pla,tic strain tensor and the hardening
parameter" I k.

(4) Calculate the (\lmponenh '(101' the logarIthmic stress by using the stress strain
relations (3). By use 01 eqn (15) the logarithmic stress IS transformed to the Cauchy stress
n- It.

(S) Apply the pnnclple u! lirtual wurk III the lurrent conliguration -using'" It and
"'!G [eqn (18)] in order tu deme the appropriate linite clement matrices for the cal
culation of the equivalent nodal furce vectors.

(6) If desired. the tangentIal clement stitl'nl's, I, ~1"ell1bled over the element's inte
gration points by using the tangential c1asto-plastlc matrix--the symmetric derivative of
eqn (3) with the plastll' t1\1\\ I:"~ II1serted and transforming it. via eqns (7) and (I S), to the

current configuration 1\ where thc pnnciple of virtual work is applied.

'xI'PU( XI tl )" ....

The logarithmil' strain space description has successfully been applied in the finite
element programs AutoForm and Pafix. which have been presented by Heiduschke f!{ a/.
( 1991 ) and Anderheggen et al. (1994) :

AutoForm is a special-purpose program for simulating the sheet metal forming process.
It is based on an implicit formulation of the static nodal equilibrium and requires the
solution of a global system matnx, Due to the t\\o-diJ11ensional shape of sheet metaL a
decoupling into stretching and bending is performed for the system solution. which is then
much better conditioned than without the decouphng. fhe sheet metal is modelled by plane
triangular elements with three nodes. which may bc ,tacked in layers. In critical areas the
element mesh is automatically refined by recursively subdividl11g one triangle into four
similar triangles. Typical simulation results of Auturorm are given in Figs 7 and 8. where
the initial and final shape with the finite element mesh of a car door are shown. The two
door handle recesses are modelled in order to stLld y two variants in one simulation. The
magnitudes of the strains encountered are moderate.

Palix is a special purpose program fur ,il11uLtt inoC thl' penctration of a metal nail into
a metal ~ubstratum It I~ based ()tl a dlll.tJ11IC Ihllbll'qullihrJum which takes into account
inertia effects and. hl'l1lC. \\a\l prupagatl"11 I r I' Implemented using an explicit time
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Fig. 7. Initial share and finite' elemcm mesh of a metal sheet.

Fig. h. Final SIL'rC and finite element mesh ofa door.
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Fig Y. Metal natl with tarhat penctratl11g a metal substratum.

integration scheme so that a solution of the global system matrix is not required. Further
more. rotational symmetry of the nail. the "ubstratum and all other components, e.g.
tophats. is assumed. Typical simulation results of Patix are depicted in Fig. 9, where the
initial configuration of the nail, tophat and substratum and the penetrated nail are shown.
The magnitudes of the strains encountered are large. especially nearby the axis of rotational
symmetry.

(, CO,\CLUSIO,\S

The presented description of an elasto-plastic continuum undergoing finite defor
mation and its implementation into finite element codes is based on the logarithmic strain
space with respect to the reference configuration "II' The material is therefore described
with respect to its reference configuration J(w--it is a so-called .. total Lagrangian material
description". The time integration of the flow rule and the hardening law is performed
directly in the logarithmic strain space and it is based on the total strain. not its increment.
The plastic deformation is also described by the logarithmic strain eP• which is a physically
well-defined measure.

In contrast to the above. the so-called "updated Lagrangian description" is an
incremental formulation which is based on the current configuration ,;: and which uses co
rotated rates of second order tensors. In particular the I somehow co-rotationally) integrated
components of plastic strain rates cannot be the components of the logarithmic plastic
strain tensors eP or eD• as shown by the comparison presented in Section 2 (see Figs 3 and
5). If the so-called midpoint strain increment of Hughes (19X4) is used, which is defined
with respect to the middle of the time (or loadl step. then the strain is defined in space and
by its (time) increment: but strains are generally defined only with respect to space and
should be independent of the (time) increment!

Furthermore, in the so-called "updated Lagrangian description", deformation-induced
anisotropy and material anisotropy are mixed Consider. for example, a laminate which
undergoes the homogeneous flnite deformation depicted in Fig. 10. If the material is

reference
configuration KO

•
...... .. hO=,,.,O'.

. deformation

current
configuration K

..... ~

~

~

~ .....
f--'i~ 10 Homogeneous finite ...kt·~l!Tllclti()n of a htl11inatc,



described "ith respect to the reference configuration k:" its behaviour is orthotropic; if the
material is described with respect to the current configuration K its behaviour is no longer
orthotropic. but fully anisotropic. In I~ there are no longer any orthogonal principal material
directions and hence the influences of deformation and material behaviour on the anisotropy
are mixed.

The description presented here does not exhibit the problems of the updated descrip
tions. namely the mixture of deformation-induced and material anisotropy and the rates
and their respective integration. because the description is based on the reference con
t1guration h'" and it uses the total strain in the time-discrete strain space and not the strain
increment. Furthermore. the use of the logarithmic strains enables an additive decoupling
of finite dilatation and distortion. even though the evaluation of the components of E. (and
fJ) involves a transformation to principal axes and back again. which numerically requires
some effort. As outlined in the present work we describe the plasticity and integrate the
plastic rate in the logarithmic strain space. and we therefore do not need any stresses, which
are dependent variables in a stram space setting.

Finally. even though we do not use the additive split (4) of the rate of deformation
tensor 0 or of the according the back-rotated rate D in our considerations. eqn (4) may be
based on the additive split of the stress power (I ) [see also Nemat-Nasser (1982)] by defining
the plastic and elastic parts of 0 and D via

OP = RD1'R J and DP = ~i:p.

0' = RD'R 1 and D" = ~(i:-i:P),

respecti\cl). in contrast to lee (191\ 1l. where the elastic and plastic parts of the rate of
deformation tensors are det1ned via the not unique multiplicative eiasto-plastic decompo
sition of the deformation gradient (<;). which is not additively decoupled-as indicated by
eqn (2.17) of lee (1981).
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APPEl':D[X

An illustratIOn of a constItutive C1lgorithm based on a stram space description is presented for isotropic elasto
plasticity with a yield (or loadmg) functIOn of von Mises type. an associated flow rule. isotropic hardening and
isotropic elastici ty [see Heiduschke (1989)J. The hardening behaviour is specified by the piecewise linear hardening
function of fig. A I. where a denotes the equivalent stress and F." the equivalent plastic strain. For isotropic elasto
plasticity we use the equivalent plastic strain i'!' as the independent hardening parameter instead of k. which has
been used in Section 3 for the general description. The structogram of the plasticity algorithm is depicted in Fig.
A2. In the algonthm we use deviators of the logarithmic strain tensors t and t P The traces and deviators of the
logarithmIc strain tensors are measures of finite dilatation and finite distortion. respectively. They are independent
in the sense = O. when denoting the spherical part of a tensor t by

According to the flo\\ rule thc plastiC stram increment is deviatoric. as it is proportional to a deviator. and so is
its time integral. the plastic strain t r = t P Hence. the mcompressibility condition of finite plastic deformation
f[, = 0 is fulfilled [n the struclOgram of Fig. A2 we use the tensor norm. defined in the Notation. and the shear
modulus

G=
2

E
1 + \ .

where Young's modulus IS denoted by E and Poisson's ratio by Y. The if-block describes the yield condition. w ~ 1
corresponds to elasticity (including unloading and neutral loading) and w < I to plasticity. If plasticity occurs.
the steps of the blocks which are marked by an (R) in the lower right corner must be repeated and properly
corrected until the equivalent plastic strain H I i'!' is in the current hardening range. From the hardening parameter

(J

cg = 0

(Jo

I
I
I
I
I
I
I
I

l-.-__~I~------ep

cf
FIg. A I. The pIecewise linear hardening function a(i"') and the hardening slope hk from a tensile

test.



Constitutive Equations
discretized rate form in strain space
IN PUT

material data: G, O(EP), hk

strain state: 1l+11'/, '~P, irE P

gtrial = 11+ Ig! _':gP

rY O'("£p)
w-y~ -

- / ,1 2G lI~trial II

~~~o
~gP = 0 I~£P = ( 1- w) 3G £trial

~ 3G + hk ~ (R)

ll+lt:p=nEP+f~ II~gP II
(R)

11+1g p = "gP + ~gP
(R)

return

OUTPUT
1l+1£p 1l+It:pnew plastic strain state:

~ ,

FJ~ \.' SlrUl",~ralll ,)1" '11''1111 'P"Cl' algurithlll fur isotropic clasto-plastic constitutile equations
I "f111UL.tkd 111 dc\ i~ll()rs

:' and hI thC' "I II~ \1 Ih,' cqtll"tI"1I1 11"" ,Ires, r71'~ln ,tllla,s be ohtained. The equivalent flow stress r't is
basiealil ,I 111casur,' luI' thc LldlUS ,'Ilhe \1111 \11"'s clilmier in prlllcipal strain space

I"~)J" i... ~l{r~)pll·l>Ll"lll>lt) till' !:!l'I1Crdl"lt"l"" "lr;lll1 rclaliulls (.~) Ina;,' further be sreciflcd h~


